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1. Introduction 

1.1. The purposc of this notc is to indicate the proof of a partial case of de Jong's conjecture, 
proposed in Let us recall its formulation, combining Conjecture 2.3 and Thcorem 2.17 of 
loc. cit.: 

Let X he & smooth projective curve over a finite field F^, and let p be a continuous repre- 
sentation 

7ri(X) ^ GL„(F), 

where F — ¥i{{t)) with F; being another finite field of order coprime to q. Assume that p\t^^(x) 
is absolutely irreducible (here, as usual, T^iiX) C t^i{X) denotes the geometrie fundamental 
group). 

Conjecture 1.2. Under the above circumstances, p{'ïïi{X)) is finite. 

In the same paper, de Jong showed that Conjecture II .21 foUows from a version of the Lang- 
lands conjecture with F-coefficients. (The corresponding version of the Langlands conjecture 
with Qf-coefRcients is now a theorem of Lafforgue.) 

Namely, consider the doublé quotiënt GLn{K)\GLn{A.)/GLn{0), where K is the global 
field corresponding to X, A is the ring of adeles, and O is the subring of integral adeles. (Note 
that the above doublé quotiënt identifies with the set of isomorphism classes of rank n vector 
bundies on X, denoted Bun„(Fg).) Por each place a; G |X| one introducés the Hecke operators 
T^, i = 1, ...,n acting on the space of F-valued functions on Bun„(Fq). 

Given a representation p : ni{X) — * GL„(F), we say that a function ƒ : Bun„(Fg) ^ F is a 
Hecke eigen-form with eigenvalues corresponding to p, if for all x and i 

T:if) = xi-f, 

with = Tr{A'^ {p{Frx))), where Fr^ e T^iiX) is the Frobenius element corresponding to x 
(defined up to conjugacy), and A* designates the i-th exterior power of the representation p. 

In addition, in the space of all F-valued functions on Bun„(Fg) one singles out a subspace, 
stable under the operators T^, of cuspidal functions. As in the n = 2 case, one shows that the 
subspace of cuspidal functions with a given central character is finite-dimensional. 

Here is the relevant version of the Langlands conjecture: 

Conjecture 1.3. Let p be as in Coniecture Al.'A Then there exists a (non-zero) cuspidal Hecke- 
eigenform fp with eigen-values corresponding to p. 

By arguments of Sect. 4 of 0|, one shows that Coni ecture 1 1 . 31 iniplies Coniecture ll.21 In this 
paper we will be concerned with the proof of Coniecture ll.31 
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1.4. Unfortunately, the proof of Coniecture ll.^l is not complete. Namely, we will have to rely 
on two pieces of mathematics that do not exist in the pubUshed Uterature. 

One is the theory of étale sheaves with F coefficients, which should be paraUel to the theory 
of F'-adic sheaves, where F' is a local field of characteristic 0. 

However, we do not expect that the construction of this theory is in any way different from 
its F'-counterpart. Namely, we first consider étale sheaves of Fj[t]/i'-modules, and define the 
category of O-sheaves as the appropriate 2-projective limit, where O is the local ring F/[[i:]]. 
We define the category of F-sheaves by inverting t, i.e., by quotienting out the category of 
O-sheaves by t-torsion ones. 

Thus, from now on we will assume the existence of such a theory, with formal properties 
analogous to that of F'-sheaves. In particular, we assume the existence of the category 
of bounded complexes with constructible cohomology corresponding to an algebraic variety y 
over Fq, stable under the 6-functors. From this category one produces the abelian category of 
perverse sheaves, denoted -P(y). 

Finally, we must have the sheaf-function correspondence. In other words, given an object 
3C G -D(y), by taking traces of the Frobenius clements, we obtain a F-valued function on y(Fq), 
and this operation is compatible with the operations of taking inverse image, direct image with 
compact supports and tensor product. 

1.5. That said, our goal will be to prove a geometrie version of Coniecture 11.31 fwe refer the 
reader to Sect. l3.ll for the precise formulation of the latter). 

Namely, to a representation p, as in Conjecture 11.21 we would like to associate an object 
Sp G Z)(Bun„), where Bun„ denotes the moduli stack of rank n bundies on X , such that 8p is 
cuspidal and satisfies the Hecke eigen-condition with respect to p. If such §p exists, then by 
applying the sheaf-function correspondence, we obtain a function fp on Bun„(Fg), which is a 
cuspidal Hecke eigen- form with eigenvalues corresponding to p. 

Our main result is Theorem 13.51 that says that if l > 2ti, and p is as in Coniecture ll.21 then 
the object §p £ D(Bun„) with the required properties exists. 

In fact, we state and indicate the proof of a stronger result, namely, Theorem 13.61 which 
asserts the existence of §p for any / 7^ 2. 

To summarize, this paper proves Coni ecture 1 1 . 21 for / ^ 2 modulo the theory of F-sheaves, 
and one more unpublished result, discussed below. 

1.6. Even in order to formulate the geometrie analog of Coniecture 11.31 i.e., Coniecture 13.21 
one needs to rely on the realization of the category of representations of the Langlands dual 
group via spherical perverse sheaves on the afhne Grassmannian. 

This result was first announced by V. Ginzburg in 1995's for perverse sheaves with coefhcients 
in a field of characteristic zero. Recently, in I. Mirkovic and K. Vilonen have established 
this result in a far greater generality (cf. Theorem 12.1 in loc. cit). 

Namely, they work over a ground field of complex numbers, and consider sheaves in the 
analytic topology. They show that the category of spherical perverse sheaves with A-coef5cients, 
where A is an arbitrary Noetherian commutative ring of finite cohomological dimension, is 
equivalent to the category of representations of the group-scheme Ga on finitely generaled 
A-modules, where Ga is the split reductive group, whose root datum is dual to that of G. 

For the purposes of this paper, however, we need an extension of the result of |11| to the case 
of an arbitrary ground field (in practice taken to be Fq), and sheaves with F- and O-coefficients. 
From examining (lij it appears that the proof presented in loc. cit. carries over to this case. 
Therefore, we state the corresponding result as Theorem 12.21 
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1.7. The geometrie Langlands conjecture with coefficients of characteristic O has been proved 
in |S] and Pj- The proof of Theorem 13.51 foUows verbatim the approach of loc.cit., with one 
exception: 

This exception is the discussion related to the notion of symmetrie power of a local system 
(cf. Sect.|3ï, and this is the only original piece of work done in this paper. 

Let us now describe the contents of the paper: 

In Sect.|21we recall the definition of afhne Grassmannians and review the relevant versions of 
the geometrie Satake equivalence, i.e., the reahzation of the Langlands dual group via spherical 
perverse sheaves, following UT]. We also introducé the Hecke stack, Hceke functors and the 
notion of Hecke eigen-sheaf. 

Starting from Sect.|21we restrict ourselves to the case G — GLn- In the beginning of Sect.Ol 
we formulate several versions of the geometrie Langlands conjecture for GLn, and state the main 
result, Theorem 13. 51 which amomits to proving one of the forms of the above conjecture when 
char(F) > 2n. We also formulate a stronger result, Theorem 13.61 which claims the ultimate 
form of the geometrie Langlands conjecture when ¥ ^ 2. 

In the rest of Sect.|21we explain, following closely the exposition in 5 , how Theorem l3.5l can 
be redueed to a certain vanishing statement, Theorem l4.2l 

In Sect.Qlwe formulate and prove Theorem 14. 21 following The proof essentially amoimts 
to introducing a certain quotiënt triangulated category Z5(Bun„) of Z?(Bun„) and showing that 
the averaging functor Av^ : I?(Bun„) — > Z?(Bun„) (whose vanishing for large d we are trying 
to prove) is well-defined and exact on the above quotiënt. 

The proof of the latter fact essentially consists of two steps: 

(1) Showing that the elementary functor Av]j : £)(Bun„) I?(Bun„) is exact. 

(2) Showing that the exactness of Av^ implies the exactness of Av^ for any d. 

Step (1) requires no modification compared to the case of characteristic O coefheients if 
char(F) > 2n considered in and a minor modification if we only assume char(F) ^ 2 (the 
latter case is treated in the Appendix). 

Step (2) amounts to Proposition l4.6r 2') and this is the only place in the paper that requires 
some substantial work. Essentially, A.y% is the d-th symmetrie power (along X) of Av)j, and 
our goal is to express one through another. This is achieved by introducing a somewhat non- 
standard notion of external exterior power of a local system on a curve. 

In Sect. El we first recall some notions from linear algebra, namely, the two versions of 
symmetrie and exterior powers of a vector space and the corresponding Koszul complexes, 
when working over a field of positive characteristic. 

We then review some basic properties of the construction of the (external) symmetrie power 
of a local system on a curve, in particular, its behavior with respect to the perverse t-structure. 

And finally, we introducé two versions of an external exterior power of a local system, and 
construct the corresponding external Koszul complex, which is used in the proof of Proposi- 
tion l4.ör 2) mentioned above. 

In Appendix A we indicate how, by refining some arguments of one can relax the condition 
that char(F) > 2n and treat the case of any F of characteristic different from 2. 

Finally, in Appendix B we prove Theorem 12.61 which is a version of the geometrie Satake 
equivalence over a symmetrie power of the curve X. 
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2. Review of the geometric Satake equivalence 

From now on, we will work over an arbitrary algebraically closed ground field k of charac- 
teristic prime to l, and X will be a smooth projective curve /k. 

In this section G will be an arbitrary reductive group over k. By G we will denote its 
Langlands dual group, which we think of as a smooth group-scheme defined over Z. We will 
denote by Go the corresponding group-scheme over O and by Gp the corresponding reductive 
group over F. We will denote by Rep(GF) the category of rational representations of Gf on 
finitc-dimensional F-vector spaces. 

2.1. Let a; e A be a point. If G is an algebraic group, let Gtg,x denote the affine Grassmannian 
of G on A at x. In other words, Grc x is the ind-scheme classifying the data of a G-bundlc CPq 
on X with a trivialization /? on A — x, i.e., 7g\x-x — '^g\x-x, where denotes the trivial 
G-bundle. 

According to a theorem of Beauville and Laszlo, the data of (Tgi/S) is equivalent to one, 
where instead of A we use the formal disc T>x around x, and instead of A — a; the formal 
punctured disc 2)*, cf. [7|- 

Let G{Xx) (resp., G{Öx)) be the group ind-scheme (resp., group-scheme) classifying maps 
D* ^ G (resp., Dx — > G). The description of Gig,x via T)x imphes that the group ind-scheme 
G{Xx) acts on it by changing the data of (3. The action of G{Öx) has the property that every 
finite-dimensional closed subscheme of Gtg,x is contained in another finite-dimensional closed 
subscheme of Gtg,x, stable under the action of G{Ox)- Therefore, the category P^'^'^'=\Gtg,x) 
of G(Oa:)-equivariant perverse sheaves (with F-coeSicients) on GrG,x makes sense. 

The basic fact is that P^(°-)(GrG,:,) carries a natural structure of monoidal category. We 
refer to [7j, where this is discussed in detail. 

We will need the foUowing result, which is a generalization of Theorem 12.1 of 11 to the 
case of an arbitrary ground field: 

Theorem 2.2. The monoidal structure on P^^'^^^Gtg^x) admits a natural symmetrie com- 
mutativity constraint. The resulting tensor eategory is equivalent to the category Rep(GF). 

Let Aut(D2;) be the group-scheme of automorphisms of the formal disc T)x- By functoriality, 
we have a natural action of Aut(©^) on Gïg.x- A part of Thcorem l2.2l is the foUowing statement 
(cf. Proposition 2.2 of 11 ): 

CoroUary 2.3. Every object of P'^^'^^\Gvg,x) is Avit{T)x)-equivariant. 

Theorem 12.21 remains valid in the context of O-coefficients. Namely, let us denote by 
x)o the category of O-valued G(Oa;)-equivariant perverse sheaves on Gtg,x- ^ 
Then P'^^°"^^-'(GrG^^)o is also a tensor category, equivalent to the category of representations 
of the group-scheme Go on finitely generated O-modules. 



Since O is a ring and not a field, Serre duality on the derived category of O-modules does not preserve 
the t-structurc. Therefore, the corresponding derived category of O-sheaves (as in the Z; case) possesses two 
natural perverse t-structures, interchanged by Verdier duality. Here we will use the "usual" one, for which the 
category of perverse sheaves in Noetherian. 
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2.4. We will now discuss a version of Thcorem 12.21 where instead of one point x we have 
several points nioving along the curve X. For a positive integer d, let Gr^ be the symmetrized 
version of the Beihnson-Drinfeld Grassmannian hving over X^'^\ Namely, a point of Gr^ IS a 
triple (Z?, Tg, /3), where D is an effective divisor of degree d on X, i.e., a point of X^'^\ Tq is a 
principal G-bundle on X, and /3 is a triviahzation of Vg off the support of D. 

The formal disc version of Gr^ can be spelled out as foUows. Let S* be a (test) scheme and 
let Dg be an S'-point of X'^'^\ Let F be the incidence divisor in X x X'^'^\ and let F5 be its 
pull-back to X X S. Let k ■ F5 denote the A:-th infinitesimal neighborhood of Fs and let Fs be 
the completion of X x 5 along Fg. Note that it makes sense to speak about principal G-bundles 
on Fs, and of isomorphisms of two such bundies on Fg := F5 — F5. 

Thus, an S'-point of Gr^ is a triple {Ds,'J'g, P), where Ds is an S-point of X'^^\ Tg is a 
principal G-bundle on F5, and f3 is an isomorphism — '^g ^5- 

For a partition d : d — di + ... + dm, let sum-^ denote the natural niorphisni X''^^^ x ... x 
^ X'^'^y Let X'^l - denote the open subset of X^^^i) X ... X X^''") corresponding to the 
condition that all the divisors Di G X^''-^\ i — \, m have pairwise disjoint supports. We have: 

(1) X% X Grè^X®. X (Grè^x...xGrè'"). 

For an integer fc, let denote the group-scheme over X^'^\ whose S-points over a given 
Ds e Hom(S',X('^)) is the group of maps /c • F5 — > G. Let S'' be the group-scheme limS'l- 

We have a natural action of S'' on Gr^. Note that the fiber of S'^ at D = E • Xi with ï^'s 
distinct is H G(Oj; J. These isomorphisms are easily seen to be compatible with the factorization 
isomorphism of QJ. 

We let (Gr^) denote the category of S'^-equivariant perverse sheaves on Gr^. We claim 
that for d = dl + d2 there exists a natural convolution functor 

(2) * : P^"\g4) X pS''^(Gr*^) ^ P^^G^)- 
Indeed, considcr the ind-schcme Conv^ ''^^ that classifies the data of 

(öi,i?2,J'^,/3\J'°,/3), 

where A £ X'''^'\ J'gi^'g are principal G-bundles on X, f3i : Tglx-ni — J'gU-Di, (3 ■ 
'^g\x-D2 — 5'gU-£'2- We can view ConvJ^^''^^ as a fibration over GrJ^^ with the typical fiber 
Gtq. Thus, for any perverse sheaf T2 on Gr^ and a S^^^-equi variant perverse sheaf Ti on 
Gr^ we can associate their twisted external product T1KIT2 € P{ConvQ ''^^). We also have a 
natural projection p : Conv^''^^ Gtq that sends a data (Di, D2, J'^., /3-^, 3"^, /3) as above to 
{Di+D2,yG^l3°P^)- We set 

Ti*T2 :=p,(TiiT2). 

The fact that the resulting object of the derived category is a perverse sheaf foUows from 
the semi-smallness of convolution, cf. 11 , Sect. 4.1. The fact that this perverse sheaf if S'^- 
equivariant is evident, since all the objects involved in the construction, when viewed over 
carry a natural S'^-action. 



6 



D. GAITSGORY 



2.5. Note that if C is an F-linear abelian category, it makes sense to speak about objects of 
6, endowed with an action of the algebraic group Gf- We will take 6 to be the category of 
F-perverse sheaves on various schemes. 

We introducé the category P'^''^ to consist of perverse sheaves X on X'-'^\ endowed with the 
foUowing structure: For any ordered partition d : d = di + ... + dm, the puU-back 

■.^sum^(X)\ 

disj 

carries an action of (Gf)^™, such that the foUowing two conditions hold: 

1) If d : d = d[ + ... + d'^, is a rcfinement of d, thcn the isomorphism 

•'^ I v-(<i ) — ^ 

di.sj 

is compatible with the (G)^™-actions via the diagonal map (Gp)^™ (Gf)^"' . 

2) If d : d — d'i + ... + d'^, is obtained from d by a permutation, then the isomorphism of perverse 
sheaves induced by the isomorphism X"^ x'^ is compatible with the (GF)^™-actions. 

Note that for d = di + ^2, the functor %i,%2 ^ sumcii.d2{'^i ^ ^2) gives rise to a functor 

(3) * : P'^'^'i X ^ P'^''^ 

The next result foUows formally from Theorem l2.2l 

Theorem 2.6. For every d there is a canonical equivalence of categories (Gr^) — > pGA ^ 
compatible with the functors * of ^ and ^ . 

The proof will be given in Appendix B. 

We will denote by Pq '"^ the corresponding version of P^-'^ with O-coefficients. Theorem 12. 61 
remains valid in this context as well, i.e., Pq'"* is equivalent to the category P^''(GrQ)o of 
S-equivariant perverse sheaves with O-coefhcients on GrJ^. 

2.7. Let us take d — 1 and denote the corresponding ind-scheme Gr^ by Gtg,x, and the 
corresponding group-scheme simply by S- Note that Gtq x is just the relative over X 
version of Gtg.xi i-e., we have a projection s : Gtq.x ^ X and its fiber over x £ X is Gtq^x- 

It foUows from Corollarv l2.3l that to an object V G Rep(GF) one can canonically attach a 
perverse sheafTy^x € {Grcx)- In terms of the equivalence of Theorem l2.öl Ti/ y corresponds 
to the constant sheaf Fx ® ^[1], as an object of P'^'^ . 

Let Buug be the moduli stack of principal G-bundlcs on X. Let us recall the definition of 
the Hecke functors H : Rep(GF) x ^(BunG) ^ ^(BunG xX). 

Let !Hg,x be the Hecke stack, i.e, the relative over Bung version of Gyg x- More precisely, 
IKg.x classifies the data of {x, Tg, J'g' f^)^ where x G X, Tq, J"q are principal G-bundles on X, 

and (3 is an isomorphism fclx-x — J"g|x-2;- We will denote by h (resp., h) the natural map 
of stacks Oicx Bunc that remembers the data of T'q (resp., CPg). We will view 3^g,x as a 

fibration over Buug via /i, with the typical fiber GrG,x: 

Buug ^G.x — ^ Bunc xX. 
Due to the 9-equivariance condition, to every S £ I?(BunG) and T G P^(GrG.x) we can 
associate their twisted external product TKS G D{'Kg.x)- We define the Hecke functor 

H(y,§) := (h X s)!(Ty,xi§) e i:>(BunG xX). 
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More generally, if Vi,...,Vd is a coUection of objects of Rep(GF), by iterating the above 
construction, for § € D(Buiig) we obtain an object 

H{Vi m ... M Vd, §) e ^(BunG xX'^). 

As in [B|, one shows that for any § as above, H{Vi H ... H Vd, §) is ULA with respect to the 
projection Bung xX"* X"^. 

Proposition 2.8. Let Vi,V2 be two objects o/ Rep(GF)- 

(1) Let a be the transposition acting on X x X . We have a functorial isomorphism 

a*{H{ViMV2,2,)) ~ H{V2^Vi,§), 
whose square is the identity map. 

(2) The restriction H(Vi M V2,§)|BunG xA(x) identifies canonically with H{Vi ® V2, §)[!]. 

The above proposition aUows us to introducé Hecke eigen-sheaves. Let Eq be a Gp-local 
system on X, viewed as a tensor functor V 1-^ from Rep(G'F) to the category of F-local 
Systems on X. 

We say that Sb^ G Z3(BunG) is a Hecke eigen-sheaf with respect to Eq if we are given an 
isomorphism of functors Rep(GF) — > -D(BunG): 

(4) a{V):HiV,§Es)-^E^^E^[l], 

such that the conditions 1) and 2) below are satisfied. 

Before formulating them, note that for any coUection Vi,...,Vd of objects of Rep(GF), by 
iterating a{-) we obtain as isomorphism 

H{Vi M ... M Vd, §£g) ~ M El' [1] M ... M Ef^ [1]. 
We require that for Vi,V2 G Rep(GF), the foUowing two diagrams commute: 

1) 

H{Vi^V2,§Ea) > §£;^K^^H1]HS^^[1] 

1 1 

a*{H{V2^Vi,§Ea)) > §Es^a*{El'[l]^El'[l]) 

2) 

H{VmV2,§)\BnnaxAiX) > § H i?^^ [1] H i?^^ [1] |bu„o x 

H{Vi<»V2,§)[l] > §mEl'®^'[l] 

2.9. We need to introducé one more piece of notation related to the Hecke action. 
Let !Kq be the relative (over Bun^) version of Gr^. We have the diagram 

Bunc ^ BuuG xX^'^l 

and we view !Kq as a fibration over Buug via h with the typical fiber Gtq. 

As in Sect.O for an object 7 € P^^Gr'^) and § e D(BunG) we can form their twisted 
external product TÈS e D{:K^). We define 

iï(T,S) (h X s)!(TiS) £ D(BunG xX^'^'). 
We set 7-k§ e D(B\inG) to be the direct image of H{7, 8) under Buug xX'^'^^ -> Buug. 
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By construction, for 7i e ' {Gr'}.' ) and T2 £ ^ (^Q^dj ) 

, we have a functorial isomorphism 

We will denote by the same symbol * the resulting action of P'^-'^ on Z?(BunG). 

3. Geometric Langlands conjecture 
In this scction will work with F-sheaves, unless specified otherwise. 

3.1. From now on wc will specialize to the case G — GLn- In this case we will denote Bunc 
by Bun„, and think of principal G-bundles as of rank n vector bundlcs on X. 

Let Vo denote the tautological 71-dimensional representation of G = GLn. A G-local system 
on X is the same thing as a n-dimensional local system, the correspondence being Eq ^ E := 
El° . 

Here is the formulation of the geometric Langlands conjecture: 

Conjecture 3.2. I] E is an absolutely irreducible n-dimensional local system on X , then there 
exists a perverse sheaf§E ë P(Bun„), which is a Hecke eigen- sheaf with respect to E. Moreover, 
§E is cuspidal and irreducible on every connected component of Bun„ . 

If 8^; G Z3(Bun„) and E is an 71-dimensional local system one can formulate a condition, 
weaker than the Hecke eigen-property: We say that §e is a weak Hecke eigen-sheaf with respect 
to E, if we are given isomorphisms a{-) as in Q for V of the form A'(Vb), i = 1, ...,n. 

The weak form of the geometric Langlands conjecture says that if E is an irreducible local 
system on X, then there exists a perverse sheaf Sb G P(Bun„), which is a weak Hecke eigen- 
sheaf with respect to E, such that is cuspidal and irreducible on every connected component 
of Bun„ . 

Evidently, the existence of a weak Hecke eigen-sheaf corresponding to E is sufficiënt to 
guarantee the existence of an F-valued cuspidal Hecke eigen-form corresponding to (the tti- 
representation, corresponding to E) in the sense of Coniecture ll.31 

Yet another form of the Hecke eigen-condition, this time specific to Gi„ is as follows: 

For an n-dimensional local system P, we say that Sb G Z)(Bun„) has a Gi„-Hecke eigen- 
property with respect to E if we are given an isomorphism oi{-) only for V — Vq, which satisfies 
condition 1) of the definition of Hecke eigen-sheaves for Vi — V. 

Conjecture 3.3. Let E be an arbitrary n-dimensional local system. Then if§E £ ö(Bun„) has 
a GLn-Hecke eigen-property with respect to E, then it satisfies, in fact, the full Hecke property. 

When char(F) = O, the above conjecture was essentially proved in ^R, using Springer cor- 
respondence. We do not have any real evidence in favor of this conjecture when char(F) ^ O 
(except in the case when Sb is cuspidal and perverse, which we consider in Appendix A). 
However, we have the following assertion: 

Lemma 3.4. Assume that char(F) > n, and let Se G £'(Bun„) have a GLn-Hecke eigen- 
property with respect to E. Then §e is a weak Hecke eigen-sheaf with respect to E . 

The proof of this lemma given in in the case when char(F) = O is applicable here, since 
the proof relies on the semi-simplicity of representations of on F-vector spaces, which is valid 
if i < char(F). 

We will prove the following: 
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Theorem 3.5. Assume that char(F) > 2n. Then for every irreducible local system E on 
X there exists a (cuspidal, irreducible on every connected component) perverse sheaf §e G 
P(Bun„), which is a GL„-Hecke eigen-sheaf with respect to E. 

Conibined with Lemnia l3.4l this proves the weak form of the geometrie Langlands conjecture, 
and hence Coniecture ll.31 assuming that char(F) > 2n. 

In fact, by relying on some more unpubhshed work, one can strengthen this result, and prove 
the foUowing: 

Theorem 3.6. Assume that char(F) =/= 2. Then for an absolutely irreducible local system 
E on X there exists a (cuspidal, irreducible on every connected component) perverse sheaf 
§E & f'(Bun„), which is a Hecke eigen-sheaf with respect to E. 

We will sketch the proof of this theorem in Appendix A. Of course, Theorem 13.61 imphes de 
Jong's conjecture for any / 2. 

3.7. To prove Theorem 13. 51 we will foUow the strategy of Let ModJi[ be the stack of upper 
modifications of length d; note that Mod„ is a closed substack of J^g/,,^ corresponding to the 
condition that the generic isomorphism of bundies /3 : M ^ M' is such that it extends to a 
regular map of coherent sheaves. 

We set to be the perverse sheaf on ^qi^^ corresponding via the equivalence of Theorem l2.6l 
to the foUowing object of p'i'GLn. 

iE^Vo)^'^[d] 

(cf. Sect. l5.3l below. where symmetrie powers of local systems are discussed). One easily shows 
that T|; is indeed supported on Mod„. 

Let Cohg be the stack classifying torsion sheaves of length d. There is a natural smooth 
projection ModJ^ Cohg, and is isomorphic (up to a shift) to the pull-back of a canonical 
perverse sheaf, denoted H'^ on Cohg, called the Laumon sheaf. 

More explicitly, iL^ is the Goresky-MacPherson extension of its own restriction to the open 

O 

substack Cohp, corresponding to regular semi-simple torsion sheaves. This restriction is the 

O O O 

pull-back of under the natural smooth morphism Cohp ^ X'-'^\ 

We will need the foUowing statement, whose char = O version was proved in Jü]. For 
d = dl -\-d2, let FIq^''*^ denote the stack classifying short exact sequences O — > Ji — > J ^ J2 — > O, 
where Ji and J2 are torsion coherent sheaves of lengths di and c?2, respectively. 

Let p denote the natural projection FIq^'''^ CohQ, and let q be the projection FIq^'''^ 
Coh^i xCoh^^ 

Theorem 3.8. For any local system E we have: 

q,op*(i:|) -£^1 ML''^. 

3.9. Proof of Theorem 13.81 Consider first the open substack of Cohg^ x Cohp^ equal to 

O 

q(p~^(CohQ)). Over it both maps q and p are isomorphisms and the isomorphism stated in the 
theorem is evident. Therefore, we have to show that qi op*(iL^) is a perverse sheaf, extended 
minimally from the above open substack. 

The question being local, we can assume that E is trivial. Let us decompose i? as a sum 
of 1-dimensional local systems E = Ei ® ... (B En. For a partition d : d = d^ + ... + d", let 
FIq be the stack classifying flags of coherent torsion sheaves with successive quotients having 
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lengths given by d, and let p'' be the natural projection Flg — > Cohg. Let q'* denote the map 
FIq — > nX^'^'^ obtained by taking supports of the successive quotients. 

i 

I ■ ■ • : Theorem 12.61 and Lemma [5.51 it foUows that 

d 

Note that each E^'^ ■* is the constant shcaf on X'^'''\ since Ei is ene dimensional and trivial. 
Thus, we have to compute 

q,op*opfo(q^r(Fpj^). 
Let Z denote the fiber product Flg x FIq'''^\ It can be naturally subdivided into locally 

Goh;! 

closed subvarieties (Schubert cells) numbered by the set 

(Sdi X X ... X Erfn), 

or, which is the same, of the ways to partition di = dl + ... + d", d2 — d^ + ... + d2 with 
d\ + = d^- For each such pair of partitions, let us denote by Z'^'-''^^ the corresponding 
subvariety in Z. 

It is sufficiënt to show that the direct image of the constant sheaf on Z'^'^''^^ under 

O 

is a perverse sheaf, minimally extended from the open substack q(p^^(CohQ)). 
The above map factors as 

where the first arrow is a generalized smooth fibration into affine spaces, of relative dimension 
0. Therefore, the resulting object of D{Goh^' x Coh[?^ ) is isomorphic to pf^ (F ) Kpf^ (F ^, ), 

and the latter is known (cf. Theorem 12. 6|) to be a perverse sheaf, minimally extended from the 
required open locus. 

3.10. Proceeding as in 0, we produce from T|; the Whittaker sheaf, and subsequently an 
object §^ G D(Bun^), where Bun^ is the stack classifying pairs (M G Bun„, k : fJ"^^ M). 

Let U C Bun„ be the open substack, defined by the condition that M G U if Ext^(il"^^, M) = 
0. Let U' be the preimage of U in Bun„ . Clearly, the restriction of the projection tt : Bun^j 
Bun„ to U is smooth. 

We claim that the restriction of to U' is perverse and irreducible on every connected 
component. This foUows as in 5 , using Theorem 13 . 81 from the vanishing result, Theorem 14.21 
discussed below. 

Having established Theorem 14. 21 and hence perversity and irreducibility of §'^, the next step 
is to show that S'^ descends to a perverse sheaf on Bun„. We do it by the same argument 
involving Euler-Poincaré characteristics as in loc.cit. Namely, we have to show that the Euler- 
Poincaré characteristics of §^ are constant along the fibers of the projection tt. 

As in using Deligne's theorem, we show that the Euler-Poincaré characteristics of §^ 
are independent of the local system. Therefore, it suffices to show that the Euler-Poincaré 
characteristics of S^^ are constant along the fibers of tt, where Eq is the trivial n-dimensional 
local system. When we work with F'-sheaves (where F' is a local field of characteristic O with 
residue field F;), rather than with F = Fi((t))-sheaves, the corresponding fact foUows from Sect. 
6 of [S]. Therefore, it suffices to show that the Euler-Poincaré characteristics of at a given 
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point of Bun^j are the same in the F' and F-situations. We will show this by comparing both 
sides with Fj-sheaves. 

Thus, let Fo be any of the local fields (F or F'), and let Oq be the corresponding local ring. 
By a subscript (Fq, Oq or F/) we will indicate which of the sheaf-theoretic contexts we are 
working in. 

Consider the corresponding category Pq'^^". We can form the object (£;o«'Vo)o^ e Pof 
which under Oq Fq and Oq F/ specializes to {Eq (g) Vb)^j and (Eq (g) Vo)^\ respectively. 
From Sect.ESit foUows that {Eq (g) ^0)0,^ is Oo-flat. 

Using Theorem ÏÏM for Oq, from (Eq ® Vb)[^^ we produce the corresponding Oo-perverse 
sheaf on ModJ^, which is also Oo-flat. Finally, we produce the complex of Oo-sheaves (Seq)oo 
on Bun^. By the above flatncss property 

(§£„)oo I - (§k)F. and {S'eJoo | Fq ^ (S^^Jfo, 

Oo Oo 

where (§^^)fi and (§^g)Fo are the corresponding complexes of F/-sheaves and Fg-sheaves, re- 
spectively, on Bun^j. 

Let Xoo (resp., 3Cf,, 3Cfo) be the fiber of (S^Joo (resp., (S'^Jf, , (S'eJfo) at a given point 
of Bun^. This is an object of the bounded derived category of finitely-generated Oo-modules 
(resp., finite-dimensional F/- or Fo-vector spaces), and we still have 

Xoo ê F, ~ Xr, and Xoo ® Fq ~ 3Cfo. 

Oo Oo 

Under these circumstances we always have: x(^Fo) = x(3Cf,)- Indeed, it sufRces to consider 
separately the cases when Xog is a flat finitely-generated Oo-module (in which case the assertion 
is evident), or when Xqq is torsion. In the latter case, we can assume that 3Coo — ^i- Thcn 
3^Fo = O, and !}Cf, has 1-dimensional cohomologies in degrees —1 and O, i.e., xi'^Vi) = 0. 

This proves the fact that descends to a perverse sheaf Se on Bun„. The fact that 
satisfies the Hecke property foUows from Theorem 13.81 as in Section 8. The cuspidality of 
§E also foUows from the vanishing result, Theorem 14.21 



4. The vanishing result 

4.1. To state Theorem 14.21 we have to recall the definition of the averaging functor Av^ : 
£'(Bun„) I?(Bun„). It is defined for e N and a local system E of an arbitrary rank. 
By definition, 

Av^(8) = I,(/z^*(S)(gj|). 

In other words, 

Av|(S) = (^®l/o)^''^[rf]*§, 

in the notation of Sect. 12.91 

The key step in the proof of perversity and irreducibility of S'^ on U' is the foUowing: 

Theorem 4.2. Let E be absolutely irreducible, of rank m with m > n and d be > {2g — 2)-m-n. 
Then tfie functor Av^ is identically equal to 0. 
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4.3. To prove Theorem l4.2l we will have to analyze separately the cases of char(/c) — O and k 
of positive characteristic. Let us show that the former case reduces to the latter. (Of course, 
for de Jong's conjecture we need the case k = ¥q.) 

Indeed, if k is of characteristic O, we can replace it by C and work with sheaves in the 
analytic topology. In this case, we can consider sheaves with coefhcients in an arbitrary field F 
of characteristic l. If F is finite, the local system E is defined over a finitely generated sub-field 
of fc, and the Standard procedure reduces us to the case of a finite ground. 

The case of a general F reduces to that of F/. Indeed, since the fundamental group of a 
curve is finitely generated, we can assunie that our local system has coefhcients in a ring A, 
finitely generated over F; . Then the vanishing of the functor Av|; over A would foUow from the 
corresponding assertion at all geometrie points of A, whose residue fields are finite. 

4.4. Thus, for the rest of this section we will assume that the ground field k is of positive 
characteristic of order prime to l. We need this assumption in order to have the Artin-Schreier 
sheaf on the affine line, and the Fourier transform, which is used in the definition of quotiënt 
categories D(Bun„), see below. 

The proof of Theorem 14 . 21 will foUow the same lines as the proof of the analogous statement 
in the situation of char = O coefficients in lïïl. We have: 

Theorem 4.5. Under the assumptions of Theorem \4.S\ the functor Av^ is exact in the sense 
of the perverse t-structure on Z3(Bun„). 

We show as in 6 , Appendix (or, alternatively, as in Sect. 2.1 of loc. cit., which is slightly 
more cumbersome) that Theorem 14.51 implies Theorem 14.21 Thus, our goal from now on is to 
prove Theorem l4.5l 

The first step is to introducé a quotiënt triangulated category £'(Bun„) of Z)(Bun„), which 
has Properties 0,1,2 of [S|, Sect. 2.12. The construction of Z3(Bun„) and the verification of its 
properties given in Sect. 4-8 of loc. cit. goes through without modification in our situation. 

The next step is to prove an analog of Theorem 2.14 of loc. cit., that says that the functor 
Av^j is exact on the quotiënt category D(Bun„), provided that E is absolutely irreducible of 
rank strictly greater than n. Again, the argument presented in loc. cit. is applicable, since it 
only involves the action of symmetrie groups Efe with k < 2n, and we have made the assumption 
char(F) > 2n. 

The final step, which will require some substantial modifications in the case of coefficients of 
positive characteristic is the foUowing: 

Proposition 4.6. Let Z)(Bun„) be a triangulated quotiënt category of £'(Bun„), satisfying 
Properties O and 1 above. 

(1) For any E, the functor Av% descends to a well- defined functor on _D(Bun„). 

(2) If E is such that the functor Av^ is exact on £'(Bun„), then so is Av^ for any d. 
Once Proposition 14 . 61 is proved, we finish the proof of Theorem 14. 51 as in Sect. 2.16 of 0. 

4.7. Let Z3(Bun„ xS") be the system of quotiënt categories of D(Bun„ xS"), satisfying Proper- 
ties O and 1. Recall that the generalized Hecke functors H{-, •) of Sect. 12.91 We will prove the 
foUowing: 

Proposition 4.8. For any 7£PS''{Gr'^) the functor 

L»(Bun„) i:i(Bun„ xX'-'^^) : § ^ H{7,§,) 
descends to a well-defined exact functor £)(Bun„) Z3(Bun„ xX^'''^). 
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Clearly, ProDOsition l4.8l imDlies Proposition 14 . 6f 1) . In addition, we have the foUowmg corol- 
lary: 

Corollary 4.9. Let T be an object of (Gr^) supported over a subvariety of dimension < i of 
X'^'^\ Then the functor S T*§ has the cohomological amplitude at most on Z)(Bun„). 

The rest of this subsection is devoted to the proof of Proposition l4.8l 
Lemma 4.10. The functor 

H{V, •) : i:'(Bun„) ^ ^(Bun^ xX) 

(cf. Sect. \2.7\ ) descends to a well-defined exact functor D(Bun„) £'(Bun„ xX) for any 
V e Rep(GF). 

Proof. First, we claim that this is true for V — A'(Vo). This foUows from the Springer corre- 
spondence (apphcable here, since char(F) > n) as in Prop. 1.11 of 6 . The fact that H(V, •) is 
weü-defined for any V foUows now, since the classes of the representations of the form A*(Vó) 
generate the Grothendieck ring of Rep(GF)- 

To prove the exactness assertion, it is enough to assume that V is irreducible. We will proceed 
by induction on the length of the highest weight of V. Since the statement is essentially Vcrdier 
self-dual, it is enough to prove that the functor H{V, ■) : D(Bun,i) £'(Bun„ xX) is right- 
exact. However, for any such V, there exists a representation V' isomorphic to a tensor product 
of representations of the form A*(Vb), together with a surjection V' -» V, such that its kernei, 
V" , is an extension of irreducible representations with smaller highest weights. 

For S e P(Bun„) we have a long exact cohomology sequence 

... -> h'{H{V",§)) h'{H{V\§)) ^ h'iH{V,§)) ~> h'+\H{V",§)) ^ ... 
and by the induction hypothesis, we conclude that iï(V, •) is right exact. 

□ 

Consider the diagonal stratification of X^'^'' numbered by the partitions d : d ^ di + ... + dk- 
For each such partition consider the space 

X^ := { X X . . . X X) d,sj, 

k timcs 

which covers in a finite and étale way the corresponding stratum in X^'^^. 

Let us denote by Gr^, ^ the fiber product Xj x Gr^ . Note that Gr^, ^ is isomorphic to 

Grc.x X... X Grcx x Xj. 
^ -^x" 

k timcs 

We can consider the group scheme 5^ ■= S^'^lx^, the category P^ï(GrQ^) of S^-equivariant 
perverse sheaves on Gr^, ^, and the corresponding Hecke functor 

H{-, •) : pS7(Grc,^) x i?(Bun„) ^ ö(Bun„ xX^). 

To prove the proposition, it is enough to show that the latter functor descends to a well- 
defined exact functor P^d(Grg,^) x I?(Bun„) _D(Bun„ xX^). 

Note that every irreducible object of P^^(Grg,^) has the form 

{7v„x^-^7v„x\x^)(»0C, 
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where 3C is an irreducible perverse sheaf on X-^, and Vi, ...,Vk are irreducible objects of Rep(GF) 
(the notation 7v,x is as in Sect. I2.7|l . 

For such an object of P^'' (Gtq) the above functor H{-, ■) takes the form 

S ^ H{Vi Vk,§)\x^ ® 3C. 

From Lemma I4.1ÜI we obtain that this functor indeed descends to £'(Bun„). The exactness 
statement also foUows from Lemma f4. lül since any object of the form 

H{Vi M ... M Vfe, S) e i:'(Bun„ xX'') 

is ULA with respect to the projection Bun„ xX'^ X'^, cf. Lemma 3.7 of [S]. 

4.11. Now we are ready to prove Proposition I4.6r 2'l. For that we need one more piece of 
preparatory material, namely, the notion of external exterior power of a local system. This 
notion is discussed in Sect. 15.61 Thus, for any integer d we have a perverse sheaf A''*^'*-'(i? (g) Vó) 
on X'^'^). Moreover, by Theorem lO' 2). A'-'-'^-^E (g) Vq) is naturaUy an object of P'^ '^^^. 

According to Proposition l4.8l we have a weU-defined functor 

* : pd,GL„ ^ £)(Bun„) 5(Bun„), 

and we must prove the exactness of {E ® Vb)*-"^'*?. 

Assume that § belongs to P(Bun„). We wiU prove by induction that {E (g) V'o)^'*'' * § also 
belongs to P(Bun„). Thus, we assume that the statement holds for d' < d. Since the situation 
is essentiahy Verdier self-dual, it is enough to show that {E g) Vó) ★Se i3-'^(Bun„). 

Consider the complex 

A-''-'^HE(SVo) ^ A'-'-'^-^\E^Vo)i^{E^Vo) ^ ... ^ A-^'^E ®Vq) [E (^Vq)'-'^-'^ 

A-''-'-^\E®Vo)*iE®Vo)'^^-'+'^ -> ... ^ iE®Vo)*iE(gVo)^'^~^^ ^ (E^Vq)'-'^^ 

of objects of pd;GL„^ given by Theorem l5.7l Since this complex is exact, it is enough to show 
that each 

(A-«(^ (g ^o) *{E<E) Vn)^'^-''>) ★ 8 

belongs to £'-'~-'^(Bun„) for i = l, ...,d. 

By the induction hypothesis, we know that {E g) Vq)'-''^*'' ★ § G I)-°(Bun„). Therefore, it 
suffices to show that the functor 

§ ^ A-'^'\E(E)Vo)*§ 

sends 5^0(Bun„) to 5^*-i(Bun„) 

^ Note that by CoroUarvOl for § e 5^°(Bun„), the object A''(*)(£; ® Vb) ★§ does belong to 
i?-*(Bun„), since X^'^ is z-dimensional. Therefore, it suffices to show that the top cohomology 
/ii(A!.W(£:(g Vb)*S) vanishes. 

O 

Consider the object j!^(A'^'^^^(_E ® Vb))[i] G p^'*^^". We have an injective map 

and the cokernel is an object of p^''^^^ supported on a subvariety of dimension < i. Therefore, 
by CoroUarv 14.91 and the long exact sequence, it suffices to show that 

h° (ju{A-'^''>{E(g)Vo)[i])*§] =0 
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for S G I)-*'(Bun„). We have a surjection of perverse sheaves on X^'^ 

and hence also a surjection 

(symj,((i? ® Vof^m - ji^A' «(i? ® 
of objects of p^'GLn^ Again, by CoroUarv 14.91 and the long exact sequence, it sufïices to show 
that 

/i"((sym,),((£;®yo)^^)W*s) - O 

for § G £'-"(Bun„). However, 

(sym,),((S ® T/o)^'')W - A^b o ... o A^b(§)W- 

" V ' 

i timcs 

1 

By the assumption, the functor Av^ is exact. Hence, the above expression has zero cohomologies 
in aU the degrees > — i, and in particular, in degree O, if § G -D-°(Bun„). 

5. SyMMETRIC and EXTERIOR POWERS of LOCAL SYSTEMS 

In this scction we wih work with F- vector spaces, and F-local systems on X . However, the 
same results extend to flat O-modulcs and local systems. 

5.1. Let y be a vector space over F. Let us denote by Sym''^(y) the subspace of F®^ consisting 
of flip-invariant vectors. Note that Sym''^(y) is spanned by vectors of the form v v, v (li V . 
Let Sym''''(F) be the subspace of V^"^ consisting of invariants of the symmetrie group E^- Of 
course, for d = 1, Sym''^(F) = V and for d > 2, 

Sym'-'^(y) = n V®'-^ ® Sym-2(T/) ® v®'^-^-\ 

l<i<d—l 

since is generated by the simple reflections. 

Let A'^(F) be the subspace of V^"^ spanned by vectors of the form v — w v^w & V . 
For (i > 2, let A ''^(y) be the subspace of V^^^ equal to the intersection 

i<i<rf-i 

Note that when char(F) ^ 2, we can define A'^^(y)as the subspace of cr-anti-invariants in 
y®^, where a is the transposition; hence in this case K-^'^iV) coincides with the subspace of 
Ed-anti-invariants in V'^'^. 

Let Sym*'''(y) be the quotiënt space of V'^'^ by the sum of subspaces of the form V®^~^ ® 
A''2(F) ® v®''-''^^^ for 1 < i < d - 1. In other words, Sym*''^(T^) is the space of Ed-coinvariants 
in V®"^. 

Let A*''^{V) be the quotiënt of V®"^ by the sum of subspaces of the form F®*-^ 0Sym''^(T^) ® 

ym^i-t for 1 < i < d - 1. 

Note that as representations of GL{V)-pj h*''^[V) and A'''^(y) are irreducible and isomorphic 
to one-another (but, of course, the isomorphism is not given by the map A!-'^{V) V®"^ 
A*'''(y), as the latter is zero if char(F) divides d). The isomorphism in question is induced by 
the endomorphism of V®''' given by S sign{a) ■ a. We will sometimes use the notation A^{V) 

to denote either of the above vector spaces. 

By definition, A^{V) = V and A°{V) = Sym*'°{V) = Sym''"(F) F. If d > dim{V) one 
easily shows that A'^{V) = 0. 
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Lemma 5.2. We have: 

(1) If V is finite-dimensional, there are canonical isomorphisms 

Sym*''^{V*) ~ {Sym-'^{V)y and A*''^{V*) ~ (A''''(F))*, 

where * denotes the dual vector space. 

(2) ƒƒ y ~ Vi ® V2, there are canonical isomorphisms 

Syni*'''(y)~ e Sym*''^'{Vi)(^Sym*''^^{V2) and 

di+d2=d 
di+d2=d 

and similarly for the !-versions. 

(3) The natural maps A-'^^iV) A'-''^-'^{V) V and Sym*''^-\V) (g)V ^ Sym*'''(y) give rise 
to the long exact sequence (called the Koszul complex) 

A'-'d(^V) A'''^-\V) ® y ^ ... ^ A--\V) (g) Sym*'''-*(F) 

A'-''-\V) ® Sym*''^-'+\V) -^...^V0 Sym*''^-\V) ^ Sym*-'^{V), 

and the maps Sym ''^{V) Sym!''^-\V) (g) V and A*^''-^{V) (giV ^ A*^'^{V) give rise to the 
long exact sequence 

Sym-''^{V) Sym-'^-\V) F ^ ... ^ Sym-\V) A*''^-\V) ^ 

Sym-''-\V) (g) A*''^-'+\V) ^ ... ^ F A*''^-\V) A*''^{V). 

Moreover, the above long exact sequences transform to one-another under duality, ifV is finite- 
dimensional. 

Points (1) and (2) of this lemma are straightforward. For the proof of (3), we reduce the 
assertion to the case of dim(y) = 1 using (2). 

5.3. Let now X bc a smooth curve, let X^'^'' dcnotc lts rf-th symmetrie power, i.e., X^'^'' = 
X'^/Srf, and let sym^ denote the projection X"^ X'-'^K It is well-known that X^"^^ is smooth, 
and in particular, the map sym^ is flat. 

Let i? bc a local system on X; we are going to recall the construction of its d-th external 
symmetrie power. Recall that sumdi,d2 denotes the addition morphism X'^'^^^ x X^''^' X'^'^\ 
For Si e £>(X(''i)), 82 e D{X^'^''^), let 81*82 e D{X'^'^'i) denote the object {sumd,,d2)\{^i^^2)- 

Let É^''- G D{X'^) denote the external power of E; this sheaf is naturally S^-equivariant. 
Consider 

(symJK^;^'') G D{X'''^^). 

Since the map sym^ is Sd-invariant, this sheaf is S^-equivariant. 

Recall that if S is a finite group (acting trivially on a variety y), we have the derived functor 
of invariants 

By applying this functor to (sym^)!(iJ^'') we obtain an object iïlnvs^ ((sym^)!(i?^'')) G 
D+{X'^'^'^). 

Finally, we set E'^'^^ to be the O-the cohomology in the usual t-structure of the complex 
iïlnvs^ ((sym^)!(iï^'*)). In other words, E^"^^ is obtained from (sym^)!(£'^'') by taking non- 
derived S^-invariants in the abelian category of sheaves. 
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Sincc the functor of stalks is exact on the category of sheaves, we obtain that for a point 
iD '■ pt — > X^'^\ where D — Ti di ■ Xi is an effective divisor of degree d with the x^'s pairwise 
distinct, 

i 

where E^^ denotes the stalk of i? at x^. 

For two positive integers di,d2 recall the subset {X^'^^''> x X'^'^''^)disj C X^'^^^ x X'^'^^\ We 
have: 

O 

Let j : X^^'' X^^^ denote the embedding of the complement to the diagonal divisor. It is 

O 

easy to see that E^'^^ := 1 o is a local system. 
Proposition 5.4. The complex E^'^''[d] is a perverse sheaf; moreover, 

E^^Mc^jUE^^M). 

Note that the proposition imphes that the construction of E'^'^'^ is essentiahy Verdier self- 
dual, i.e., [d]) ~ [d], where E* is the dual local system. This is so, because the 

O 

isoniorphism obviously holds over X'''^\ from which both sides are extended mininially. In 
particular, we have a canonical projection {syïaj)\{E^'^) — > E'''^\ 

The above fact about self-duality implies the foUowing description of the co-stalks of i?*^'*-' : 
For D = S d, ' as above, 

i 

Note also that from the proposition it foUows that E'-'^'>[d] embeds into the perverse sheaf 
^perv (-Rlii'^Sd ((symrf)!(i?^^)) [d]), whcrc /ipe™ denotes the functor of taking 0-th cohomology 
in the perverse t-structure. However, this map is not in general an isomorphism. 

Indeed, let F be of characteristic 2, take d = 2 and E to be the trivial 1-dimensional 
local system. Then, (sym2)!(i?^^) ~ (sym^)!(Fjf2), and we have a canonical embedding 
Fx(2) — > (sym(j)!(Fx2), whose cone is j\{F o ). By duahty, we have an embedding of per- 
verse sheaves j*(Fo )[2] (sym^)!(Fx2)[2], and it is easy to see that j*(Fo )[2] identifies 
with the subobject of I]2-invariants in (sym^)!(Fx2)[2]. 

To prove Proposition 15 .41 we will need the foUowing lemma, which foUows from Lemma 15.21 
Lemma 5.5. For E = Ei (Q E2 we have a canonical isomorphism: 

© E^{''K E^'^'K 

d-L+d2—d 

Proof. (of Proposition 

The question being étale-local, we can assume that the local system E is trivial. Hence we 
can decompose E = Ei Q) ... (B Em, where Ei's are 1-dimensional. By Lemma [5.51 we have: 

E^''^ ^®E['''K...i.Ei^-\ 

d 

where d = (di, dm) runs over the set if m-tuples of non-negative integers with Tdi ~ d. 

i 

It is easy to see that for the trivial 1-dimensional local system its d-th symmetrie power is 
the trivial 1-dimensional local system on X'^'^^ . This implies that assertion of the proposition, 
since for each d, the map X('^i) X ...X^'*-) is finite. 
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□ 

5.6. We will now construct another complex of sheaves, denoted A'-'^'^\E), on X^'^\ called the 
external exterior power of E. 

Theorem 5.7. For every d> 1 there exists a canonically defined complex A'''^'^\E) £ D{X^'^^) 
endowed with a map : A''('^)(i?) — ^ A''(''~-^)(£') -k E, such that: 

O 

(1) The restriction A'''''''(i?) :— j*{A'''^'^\E)) is a local system and 

A'-^'He) ~ iïinvs, [r ((symJKiï;^'^)) ® sign) . 

(2) For dl +d2=d the restriction of suml^ .^^{A!-''^'^\E)) to {X'-'^^^ x X^'^^^)d^sJ is canonically 
isomorphic to the restriction to this open subset of A''^'^^\E) KI A''''^^^ (i?). 

(3) A'-^('^\E)[d] is perverse. 

(4) The composition 

f^-M){^E) ^ A'-(^-^\E) i. E A'-(^-^\E) i. E ir E ^ A'-'^'^'^^E) ir E^^'> 

is zero and the resulting complex of perverse sheaves 

A'-'-'^HE)[d] ^ A'-^'-'^-^\E)*E[d] ... ^A-W(i;) [d] 
A''('-i)(i;)*^('i-»+i)[d] ^ ... E*E'^'^-^^[d] E'^'^^ld] 

is exact. 

(5) For a divisor D — Y,di-Xi with the Xi 's pairwise distinct, the co-stalk Vj-i(A''^'^\E)) is (quasi- 
) isomorphic to ® A'^'^^{Ex.)[—2d], so that the co-stalk of the complex of point (4) identifies with 

i 

the product over i of the Koszul complexes of Lemma \5 .'^ 3) . 

Note that the construction of A'''^'''(i?) is not Verdier self-dual. Set 

a*'^'^\e) ■.= n(js^-^^'^\E*)^ [-2d]. 

Then A*'('')(£') would satisfy the same properties (1),(2) and (3) of Theorem IÏÏ7I as A-('^)(i;). 
Instead of point (4) we will have an exact complex 

E^'^^d] E'^'^-^'^ E[d] ... ^ E^'^ i.A*'^'^-'\E)[d] 

^A*^('^-'+i)(£;)[d] ^ ... ^ Ei.A*''^'^-^\E)[d] -> A*''^'^\E)[d]. 

Instead of point (5), we would be able to describe the stalks of A*'('^)(i?): 

i*^[h*Ad)(^E)) ~ ®A*''^^{E^^). 

i 

Observe also that when char(F) — O, both h!-'^^\E) and A*^^'^^(^^) are isomorphic to the 

O 

minimal extension j!^(A''^^^(^^)). 
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5.8. Proof of Theorem 15 .71 We proceed by induction on d. Evidently, for d = 1 we can 

take A''('^)(i;) = E e D{X). Thus, we can assume that A'''^'^(i?) satisfying conditions (l)-(5) 
of Theorem 15 . 71 have been constructed for i < d. 

Define A'^'^'^^E) e D{X'-'^'')[d] to be represented by the complex of perverse sheaves 

X{d,E) := A'-''-'^-^\E) ir E[d] ... ^ A-^'\E) * E^'^-'^d] -> ... ^ E E^'^-^^d] E^'^')[d]. 

(Here we are using the fact that the category of complexes of perverse sheaves maps to 

in fact, due to a theorem of BeiUnson, the corresponding functor from the derived category of 

perverse sheaves to is an equivalence.) 

It is easy to see that A'''^''^(£') satisfies conditions (1) and (2). Let us show that A''('^)(£')[(i] 
is a perverse sheaf. Since the question is étale-local, we can assume that E is the trivial focal 
system. and let us write E — Ei (B ... Q) Em, where the i?i's are trivial 1-dimcnsional. 

Lemma 5.9. For E — Ei ® E2 we have a canonical isomorphism: 

A'-'<^'i\E)^ © A'''-'^'\Ei)*A'-'<^'^^\E2). 

di+d2=d 

Proof. Assume the validity of the lemma for d' < d. Then, by the induction hypothesis and 
Lemma I5. 51 we obtain an isomorphism of complexes of perverse sheaves: 

X{d,E)~ © X{di,Ei)*X{d2,E2). 

di+d2=d 

This implies our assertion. □ 

Thus, by decomposing £^ as a direct sum E = i?i ©...©i?m with the Ei^s being 1-dimensional, 
we reduce the perversity assertion to the case when E is itself 1-dimensional. In the latter case 
we claim that 

A-'^^'^E) ~ j,(A-('^'(i;)). 

Indeed, by point (5) and the induction hypothesis, the co-stalk of A'''^'^^(£') at D = Ed^ • Xi is 
quasi-isomorphic to 

(8)A''^"(i;^J[-2d]. 

i 

Therefore, if one of the d^'s is > 1, then the corresponding A'''^'{Exi) — O, and the above 
expression vanishcs. Moreover, this shows that the constructed complex A'^'-'^^E) satisfies 
condition (5) of the theorem. 

O 

Hence, the perversity assertion foUows from the fact that the embedding j : X'-'^^ A'^'^) is 
affine. 

Note that the last point of the proof shows A''^^ is not a sheaf in the usual t-structure 
(cf. example preceding the proof of ProDOsition l5.4|l . However, the object A*''^''^(£') is always 
a sheaf. 

6. Appendix A: Proof of Theorem 13.61 

6.1. The assertion of Theorem lH . 61 divides into two parts. First, we will show that Theorem l3.5l 
remains valid under the assumption that char(F) ^ 2. Secondly, we will prove a particular case 
of Coni ecture 13 . 31 under the assumption that S^; is a cuspidal perverse sheaf. 

The ingrediënt in the proof of Theorem 13 . 51 that relied on the assumption that char(F) > 2n 
was the proof of Theorem l4.2l The latter used this assumption in the foUowing two places: 

1) Proof of the fact that if E is irreducible of rank > n, then the fmictor Av]j is exact on 
5(Bun„). 
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2) Proof of Lemma OÜI 

Let us first treat point 2). Let us call a representation V £ Rep(GF) positive if the action of 
the group GL„ on it extends to an action of the semi-group Mat„^„. Every positive V can be 
decomposed into a direct sum of Vd, d>0, according to the action of the center. Equivalently, 
V is positive of degree d if it can be reahzed as a quotiënt of (several copies of) Vg®'^. 

Let Gr^^^ ^ C Grcx be the "positive" part of the afïine Grassmannian, corresponding to 
the condition that the modification of vector bundies /3 : M — > M° is such that M° M 
is a regular map of coherent sheaves. One can show that V is positive if and only if the 
corresponding perverse sheaf on Gr^^^: is supported on Gr^^^ ^. 

Clearly, if V is any finite-dimensional representation of GLn, by multiplying it by a sufh- 
ciently high power of the determinant, we can make it positive. 

Thcrcforc, to prove Lemma f4. lül it sufïices to show that the functor H{V, •) is well-defined 
and exact on Z?(Bun„) for V positive. However, the proof of the latter fact can be obtained by 
the same argument as the proof of this statement for V = Vq in [ü], Sect. 7. 

6.2. Let us now treat point 1) above. The assumption on char(F) was used in the proof of 
Theorem 2.14 of 6 in the foUowing situation: 

Recall that if S is a finite group, we have the abehan category P^(Bun„ xX), which is a 
Serre quotiënt of the category of E-equivariant perverse sheaves on Bun„ xX , with the group 
E acting trivially. 

We win take S = S^, and consider the functor 

§ 1-^ (§ (g) sign)^. 

of Ei-anti-coinvariants. 

This functor is right-exact on P^'(Bun„ xX), and hence also on P^(Bun„ xX), and we 
need to rcplace by it the (exact, because of the assumption on the characteristic) functor 
§ i-^ ïlom^.{sign,§) considered in Sect. 3 of 0. 

To makc the argument work, we need to insure that an analog of Proposition 1.11 of [^j 
holds in our situation. Namely, let us consider the functor P(Bun„ xS) ^ P^'(Bun„ xX x S) 
given by 

§ 1-^ ijf '(§)|Bun„ xA(X)xs[l - • 

This functor maps to the abelian category because of Property 1 of _D(Bun„) and the ULA 
assertion (cf. Lemma 3.7 of [H]). We have: 

Proposition 6.3. //char(F) 7^ 2. then the right-exact functor 

S ^ ((^f XS)|Bun„ xA(X)xs[l " «]) ® sigïij ^ 

mapping P(Bun„ xS*) to P(Bun„ xX x S) is O, if i > n, and is isomorphic S m*(S)[l] if 
i — n. 

Proof. Using Lemma I4.1ÜI the functor considered in the proposition is isomorphic to 

§^ H{(yo(g)sign)^l,§). 
Hence, the assertion foUows the fact that if char(F) ^ 2, then (Vó <E) sign)^^. ~ A'(Vb). 

□ 
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6.4. Finally, let us show that if S_e is a cuspidal perverse sheaf, which has a Gin-Hecke 
property with respect to a local system E, then, in fact, is satisfies the fuU Hccke property. 

First, note that it sufhces to construct the functorial isomorphisms a{V) of and verify 
their properties, for representations V, which are positive. 

We begin with the foUowing observation: 

Lemma 6.5. For any V G Rep(GF), and § G I?(Bun„), which is cuspidal and perverse, the 
object H{V, §) is a perverse sheaf. 

Proof. Sincc the assertion is essentially Verdier self-dual, it suffices to show that H{V, §) belongs 
to 1)^0 (Bun„ xX). 

Suppose the contrary, and consider the truncation map 

(6) H{V,§)^T>"{H{V,§)). 

By Lemma [4. 101 H{V, S) is exact on _D(Bun„ xX). By assmnption, § is cuspidal, which implies 
that H(V, §) is also cuspidal. 

Property 2 of £'(Bun„ xX) (cf. jQ, Sect. 2.12) implies that the truncation map © is O, 
which is a contradiction. 

□ 

Let Vq denote the vector space underlying the corresponding representation of Gf = GLn- 
Consider the object 

h({V ®VZ)M...M{V ®V£),2,e) G D(Bun„ xX'^). 

It is Erf-equivariant, and by assumption, it is isomorphic to the perverse sheaf 

^E^[{E®V^[l])M..M{V ®V^[l])^ . 

By restricting both sides to the diagonal Bun„ xX C Bun„ xX'', we obtain a S^-equivariant 
isomorphism 

(7) H ({V ® V^'^\ $E)^èE^{E® Vlf''[l]. 

Moreover, both sides of lO are acted on by the group GL{Vq) of automorphisms of the vector 
space Vo, and the isomorphism of ([TJ is compatible with these actions. 

Let us take E^-coinvariants of both sides of 0. By Lemma 16.51 we obtain a GL{Vq)- 
equi variant isomorphism of perverse sheaves: 

(8) H {Syui*^'^{V ®VD,%e) ~2>E^Sy^*''^{E ®VD[l]. 

Let now V G Rep(G'F) be a positive representation of degree d. Let V_ denote the underlining 
vector space, which we may regard as a representation of GLiVo). Note that we have an 
isomorphism of Gp-representations 

/ . X GLiYo) 

Let us tensor both sides of © by and take GL(Vb)-invariant parts. By Lemma 16.51 we 
obtain: 

/ ^ \GL{Vo) ,^ 

H{V,%e) ^^E^y^Y^*- {E®V^®V^ ~ [1]~%E^E^[1], 
where E^ is the local system corresponding to E and the GF-representation V . 
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Thus, we have constructed a functorial isomorphism a{V) for V positive of a fixed degree. To 
check the comniutativity of the diagrams 1) and 2) it is sufficiënt to do this when Vi ~ (VC'^Vq)'^^ 
and V2 — (1^ V'o*)'^^. In this case, the required comniutativity foUows by construction. 

7. Appendix B: Proof of Theorem 12.61 

In this section we will show how to deduce Theorem 12.61 from Theorem 12.21 We will work 
with sheaves over any ring of coefhcients (e.g., F or O) and we will regard the Langlands dual 
group G as a group-scheme over this ring. We shall denote by Rep(G) the category of algebraic 
representations of G. 

7.1. We shall first consider the case d — 1. By 11 , Proposition 2.2, to any object V € Rep(G) 
we can attach a spherical perverse sheaf Ty on Gic,x- Let R be the algebra of functions on 
G, viewed as an ind-object of Rep(G) via the left action of G on itself. Let us denote by Jlx 
the corresponding ind-object of P^{Gtg,x)- The right action of G on itself endows 5ix with a 
G-action. 

We define the functor F : P'^'^ Ind{P^ (Gig^x)) by the formula 

X^-^ {s*{X)®Jix[l] f , 

where the superscript G designates G-invariants. We shall denote by the same symbol the 
extension of this functor onto Ind(P'^^^). 

Let Icro X denote the natural section X Gr^x- We define the functor G : P'^{Gïq^x) — > 
Ind(pö,i) by 

where * is the convolution functor on P^ {Gyg^x), and (•) designates the 0-th perverse coho- 
mology. We will denote by the same symbol the extension of G onto Ind(P^ (Gr^^x))- 

Proposition 7.2. The functors F and G map P^'^ to P^{Gyg,x) and P^{Gt:g,x) to P^'^, 
respectively, and define mutually inverse equivalences of categories. 

The rest of this subsection is devoted to the proof of this proposition. 

Let us consider the composition G o F : P'-^'^ Ind(P'^'^). Since the functor of convolution 
is exact, for K e P'-^-^ we have: 

Xx ★ (s*(3C) ® Xx[l]f ^ (s*(3C)[l] ® iXx*Xx)f , 

where G acts on Xx * Xx via the second multiple. 

However, Xx * Xx — Xx <Xi R, with the diagonal action of G. Hence, we must calculate 

(9) h'>(l'-c^.^^{s*{X<E>R)[l]^Xx)). 
Lemma 7.3. For any 3C' G Ind(P'^'^) we have a canonical isomorphism 

{l'-^^^^{s*{%')[\]®Xx)) 
Proof. The embedding of the trivial representation into R gives rise to a map 

(10) lGrG,x*(Constx[l]) ^3?Jf, 

where Constx denotes the constant sheaf on X. Hence, for any %' as above, we have a map 

%' ^i'q,^^^{s*{%')[1]®Xx), 
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and we must show that the LHS identifies with the maximal sub-object of the RHS, supported 
on the image of Icrc x ■ 

Let us first assume that 3C' is hsse. Then s*{X')<Si^x € Ind(P^ (Grcx)) is ULA with respect 
to the projection s : Gtg x ^ X. Therefore, to prove our assertion, it would be sufficiënt to 
show that for some (or any) point x E X , 

(11) 3C^-./i°(l^,^^(DC^®3?)) 

is an isomorphism, where UC^ denotes the fiber of 3C' at x, and Igi-g ^ is the embedding of the 
unit point into Gig x- However, the latter assertion foUows from the equivalence Rep(S) — 

Let now 3C' be arbitrary. We can write 

(12) x[~.x' ^j,r r^, 

where j is the embedding of an open subset X' ^ X, and %[ , are perverse sheaves supported 
on X — X' . By choosing X' to be sufRciently smah, we can arrange that the restriction of %' 
to X' be hsse. 

Since the functor (icrc exact, it is sufficiënt to show that the map in the 

lemma is an isomorphism for 3C']^, and j*j*{X')- The assertion concerning 3C[ and is an 
immediate corollary of the equivalence Rep(G') ~ P'^'^'^'^'^ (Gtg.x)- In addition, we have: 

and our assertion foUows from the lisse case, considered above. 

□ 

Using the lemma, we obtain 

GoF(D<:) ^{X^Rf 

as required. Let us now consider the composition F o G : (Grcx) ^ Ind(P^ (Gr^x))- 
Lemma 7.4. For T G P^ (Grcx) there exists a canonical isomorphism 

s* (/lO {Xx * T)) [1]) ^Xx^Xx*7. 

Proof. Let us rewrite the LHS of the expression in the lemma as 

(13) Xx^lGra^^. [h" (l[,,^ JXx^7))) . 

The natural map 

gives rise to a map from the expression in (|13|l to 

^x * i^x ★ T) ~ {Xx * Xx) ★ T. 

The multiplication on R give rise to a map Xx * Xx — * 3?x- Hence, by composing, we obtain 
a map 

iXx*7))) -^Xx*7. 

To show that the latter map is an isomorphism, we proceed as in the proof of Lemma 17.31 
by reducing the assertion to the case when 7 is ULA with respect to s : Gr^x X. 

□ 
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Thus, 

where G acts on the convolution via its action on Jix- The map (|lü|l gives rise to a map 

and repeating the argument used in the proofs of Lemmas l7.3l and l7.4l we show that the latter 
map is an isomorphism. 

Thus, we obtain that the functors F and G induce mutuaUy inverse equivalences of categories 
of liid{P^{GTG,x)) and Ind(P'5,i) jn particular, F sends P'^^^ to P^{Gtg,x) and G sends 
P^ (GiG.x) to P*^'^, and the resulting functors P*^'i ^ P^{GrG,x) are also mutually inverse. 

7.5. To treat the case of an arbitrary d, we will have to construct an object ^3?('^) in P^ (Gr^), 
which wiU play a role similar to that of 3ix- This construction is essentiaUy borrowed from 
Sect. 3.4. 

First, let us recaU the foUowing construction from ^Jj, Sect. 5. Let A denote the embedding 
of the diagonal X ^ X x X and j be the embedding of the complement. Then given two 
objects V,W ^ Rep(G') there exists a canonical map 

j*j*{7v KI Tw) ^ A^{7v^w)- 

Applying this to V = W — R, and composing with the map Tüg,ü T^j, corresponding to 
the algebra structure on R, we obtain a map 

(14) j,fiJlxM^x)^M^x). 

For a positive integer d, let us denote by J'^ the finite set {1, d}, and for a surjection of finite 

d ^ 

sets J"^ I, let be the embedding of the corresponding diagonal X^ ^ X'^ = X"^ . Let A^ 

be the locally closed embedding of the open subset X^ ^ X^ , obtained by removing from X^ 
its diagonal divisor. Let us denote by Gr^ the corresponding version of the affine Grassmannian 

over X^ (obtained as a pull-back from Grj^' over X^'-''\ and let Gr^, be its restriction to X^ . 

O O 

By a slight abuse of notation, we shall denote by A^ and A-^ the embeddings of Gr^ and Gr^. 

into Gtq I respectively. The basic factorization property of the affine Grassmannian (cf. 
Sect. 5) is that we have a canonical isomorphism 

Gr'G^iGrcxr'l^,. 

O 

Consider the perverse sheaf '^xl^i i and let us denote by 31^ its *-dircct image under 

O O j 

A^ : Gi'g ^ Gy'g ■ From H14|l we obtain that for any surjection I ^ I' with |/'| = |/| — 1 there 
exists a naturally defined map 

■^x -^x- 

By appropriately choosing the signs (cf. 2 , 3.4.11), we obtain a complex of perverse sheaves 
on Gr^ , which we will denote by £*(!K^), and whose k-th term is 

© ^X ■ 

I,\I\=d-k 

By essentially repeating the proof of Lemma 2.4.12 of 0, we obtain the foUowing: 
Lemma 7.6. The complex £*(IK^) is acyclic off degree 0. 
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Let us denote by ^3?^ the 0-th cohomology of £'(3?^). 

Remark. The perverse sheaf -^^x ^as been introduced by A. Beihnson in the construction of 
automorphic sheaves using a "spectral projector". 

7.7. We shaU now construct a version of -^S^x t^i^^ hvcs on Gr^ instcad of Gr^ , which 
we wiU denote by Let us denote by sym^ the natural map Gr^ Gr^. If we 

worked with sheaves with characteristic O coeSicients, we would define as Srf-invariants 

m (sym^)!(^3?^). In the case of arbitrary coefhcients, we proceed as foUows. 
We define as the kernei of the map 

((sym,)!(G:°(3?i))) ^ ((sym,)! (£1(3?!))) , 

where the subscript "S^" means E^-coinvariants, taken in the category of perverse sheaves. 

By construction, ^"5^^ has the foUowing factorization property. For a partition d : d — 
dl + ... + dm, we have an isomorphism 

under the identification 

^a^,Grê^Xa^^(Grèx...xGrè"). 

Consider the complex whose terms are given by 

€'iüi'^^^):= ((sym,)!(e:'=(3?i))) . 

Note that the fc-term is a *-extension of a complex on Gr^, which is supported over the locus 
of codimension k in X'^'^\ corresponding the collision pattern of points. 

Proposition 7.8. The complex 
is acyclic. 

Proof. The assertion is evidently true for d — 2 and we proceed by induction. By H15(l . we can 
assume that the complex in question is acyclic off the preimage of main diagonal A : X '—^ X'-'^\ 
Since the last arrow is surjective, the assertion of the proposition 

is equivalent to the fact that the map 

resulting from the above complex, is an isomorphism. 

Consider the perverse sheaf ((symj;)!(-''3?^))^^ on Gr^, which maps naturally to ^16^. Both 
the kernei and the cokernel of this map are supported over the preimage of the diagonal divisor 
in X. Therefore, the map 

(16) h'-\/^- ((sym,):(/3?i))^J ^ h'-' {^{'^^x^)) 

is surjective. 

However, it is easy to see that 

h''-'[^- ((sym,),(/3?i))^J ^ A^i'Rx), 
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and the resulting composition 

is the identity map. Hence, the map of is an isomorphism. 

□ 

7.9. Let us introducé the hybrid category Rep(G', P^'^{GrQ)), which consists of S''-equivariant 
ind-perverse sheaves T on Gtq, such that for every partition d : d — di, d„ the pull-back of 

T to X (Grg X... X Gr^"") carries an action of G^™, such that conditions, parallel to 1) 

and 2) in the definition of P'^^'^ hold. By construction, is an object of Rep(G, P^\Gt%)). 

We define the functor 

T' ^ : Rep(G,pS'(Gr^)) ^ lnd[P^\Gï%)) , 

which sends T' to its maximal sub-ind perverse sheaf, on which all the actions of G^™ are 
trivial. 

For an object % £ pGA cojisi(jer 

s*(3C) ^3lxhrf] e Rep(G,pS'(Grè)), 

where s denotes the projection Gy'q X'''^\ and where ^ denotes the functor D(D(-) (g) D(-)). 
We define the functor F'' : P'^^'^ Ind(pS'' (Gr^)) by 

7^ (^s*{X)®fllx[-d\ 

Let lQj.d denote the unit scction of Gr^. If T' is an object of Rep(G,pS (Gr^)), then 
/i° (^l[^^.^(T')) is naturally an object of Ind(P"5'''). 

For T e pS'(Gr^), we can consider ^Sl^^ i< T as an object of Rep(G, pS''(Gr^)), where 

★ refers to the convolution on P^ (Gr^) (as opposed to the one, involving d = di + d2, as 

was the case in Sect.|51). 

We define the functor : pS''(Gr;^) ^ Ind{P'^''^) by 

Proposition 7.10. The functors F'* and map to P^ (Gr^) and P'^''^^ respectively, and are 
mutually inverse equivalences of categories. 

The proof of this proposition essentially repeats that of Proposition 17.21 using the proper- 
ties of ^üé^'^ established in the previous subsection. This establishes the equivalence P^''^ ~ 
P^ (Gr^), stated in Theorem 2.6. It remains to show the compatibility of this equivalence and 
the -k operations in (2) and (3). 

For d = dl + d2, we have a natural morphism It gives rise to a 

functorial morphism, defined for 3Ci £ p^Ai ^ g pG^d-i . 

F''i(3Ci)*F'*=(3C2) ^ F'^(3Ci*3C2). 

To show that the latter morphism is an isomorphism, we decompose Gr^ with respect to the 
diagonal stratification of X'^'^\ and the assertion foUows from the fact that the isomorphism of 
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ProDOsition 17. 21 intertwines convolution of S-equivariant perverse sheaves with tensor products 
of objects of pö,i 

References 

[1] A. Bcilinson, J. Bernstein and P. Deligne, Faisceaux pervers, Astérisque 100 (1982). 
[2] A. Beilinson, V. Drinfeld, Chiral algebras, AMS Colloquium Publ. 51, Providcncc (2004). 
[3] W. Borho, R. MacPherson, Small resolutions of nilpotent varieties, Astérisque 101-102 (1982), 23-74. 
[4] A J. de Jong, A conjecture on arithmetic fundamental groups, Israël Jour. of Math. 121 (2001), 61-64. 
[5] E. Frenkel, D. Gaitsgory and K. Vilonen, On the geometrie Langlands conjecture, J. Amer. Math. Soc. 15 
(2002), 367-417. 

[6] D. Gaitsgory, On a vanishing conjecture appearing in the geometrie Langlands correspondence, Annals of 

Mathematics, 160 (2004), 617-682. 
[7] D. Gaitsgory Construction of central clements in the affine Hecke algebra via nearby cycles, Inv. Math., 

144 (2001), 253-280. 

[8] D. Gaitsgory Automorphic sheaves and Eisenstein series, PhD Thesis, Tel Aviv University (1997). 

[9] L. Illusie, Théorie de Brauer et Caractéristique d'Euler-Poincaré (d'après P. Deligne), Astérisque 82-83 

(1981), 161-172. 

[10] G. Laumon Faisceaux automorphes pour GLn: la première construction de Drinfeld, |alg-geom/9511004| 
[11] I. Mirkovic and K. Vilonen Geometrie Langlands duality and representations of algebraic groups over 
commutative rings, math.RT/0401222 



Dept. of Math., The University of Chicago, 5734 South University Ave., Chicago, IL, 60637 
E-mail address: gaitsgde@niath.uchlcago.edu 



